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Abstract

Entanglement generation and variation in quantum computation is studied using a quantum computer simulator.
The simulator is described and its block diagram is presented. The use of this simulator allows the study of entan-
glement manipulation in quantum computations that comprise more than two qubits and a variety of quantum gates
such as Hadamard, Controlled-Not, Controlled-controlled-Not, Controlled-phase and Fredkin gates. Simulations of
entanglement variation in four-qubit and six-qubit quantum Fourier transforms with entangled initial states is also
studied.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Entanglement is an enigmatic feature of the formalism of quantum mechanics with no classical analogue.
Its importance was firstly considered in the paradox proposed by Einstein, Podolsky and Rosen, known as
the EPR paradox [1] and it manifests itself in strong non-local correlations of measurement outcomes.The
renewed interest in the study of entanglement is largely due to the fact that entanglement plays a key role in
quantum information processing [2,3]. Entanglement is a physical resource and can be defined as the po-
tential of quantum states, that describe particles that have interacted in the past but are presently non-
interacting, to exhibit strong correlations that cannot be accounted for classically [4,5]. Entanglement is the
key feature of the most successful quantum algorithm, namely Shor’s quantum algorithm for factoring a
large integer [6]. Understanding all the aspects of entanglement is expected to lead to the development of
new quantum algorithms [7].
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One of the major challenges in quantum computation is the characterization of entanglement. This
characterization has three aspects: the qualification of entanglement (i.e., to determine if a given state is
entangled or not), the quantification of entanglement (i.e., to calculate the amount of entanglement of an
entangled state) and the manipulation of entanglement (i.e., to predict and control the generation and
variation of entanglement in quantum computations) [8,9]. The research work described in this paper deals
with manipulation of entanglement.

Studies of entanglement generation and variation in two-quantum bit (qubit) systems have been recently
presented in the literature [10-12]. In this paper the entanglement generation and variation is studied using
a quantum computer simulator. This simulator was developed by the author and has been used for the
visualization of the quantum Fourier transform [13] and for the simulation of cellular quantum computer
architecture [14]. The simulator has been extended in order to include calculations and graphical repre-
sentations of entanglement generation and variation in quantum computations. The use of this simulator
allows the study of entanglement manipulation in quantum computations that comprise more than two
qubits and a variety of quantum gates. Simulation results of entanglement generation and variation in
quantum computations that comprise four and six qubits are presented in this paper. These quantum
computations comprise Hadamard (H), Controlled-Not (CN), Controlled-controlled-Not (CCN), Con-
trolled-phase (CP) and Fredkin (F) quantum gates. Simulation results of entanglement variation in four-
qubit and six-qubit quantum Fourier transform are also presented. The results show that manipulation of
entanglement in n-qubit computations with the aid of a quantum computer simulator is possible and may
help researches to develop new quantum algorithms.

2. Entanglement measure

In error-free quantum computations the quantum register (QR) is found in pure states. The qubits of the
QR are in a pure but non-factorisable state. For any bipartite system it has been shown that the entan-
glement of the system can be defined as the von Neumann entropy of either of its two parts [4,5]. A pure
state is entangled if and only if its state vector |}y) cannot be expressed as a tensor product of pure states of

its parts, |y,) and [yp)

W) # [a) @ [Yg). (1)
A pure state’s entanglement is measured by its entropy of entanglement
E(Y) = S(pa) = S(ps), 2)

i.e., the apparent entropy of either subsystem [4,5]. In Eq. (2) S(p) is the von Neumann entropy given by

S(pa) = —Tr(palog, py),

S(pg) = —Tr(pglog, pg), ®)

where p, and pp are the reduced density matrices obtained as partial traces of the whole system’s pure

density matrix p = [yr){(y/| over the two subsystems:

pa = Tra([¥) (V)
py = Tra([¥)(¥]).

In terms of the eigenvalues {/;} of the density matrix p the von Neumann entropy is given by [4,5]

S(p) = —Tr(plog, p) = Z —J:log, A (5)

)
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The entanglement £ is measured in entangled bits (ebits), which are defined as the amount of entan-
glement in a maximally entangled state of any pure bipartite system for which £ = 1. In the case of a
quantum register that comprises n qubits the system can be divided into two parts: the qubit j and the rest
of the quantum register now comprising n — 1 qubits. In this case the entanglement is obtained as described
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Fig. 1. The block diagram of the quantum computer simulator.
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Fig. 2. (a) The quantum circuit for the production of a four-qubit GHZ state, followed by four H gates. (b) The simulation of this
quantum computation. (c¢) Entanglement variation for this quantum computation.
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Fig. 3. (a) A quantum computation with a configuration of quantum gates applied three times. The configuration starts with an H gate
applied to the first qubit followed by six CN gates and ends with an H gate applied again to the first qubit. (b) The simulation of this
quantum computation. (c) Entanglement variation for this quantum computation.

above. A more indicative measure of entanglement is the sum of the entanglements calculated by con-
sidering each qubit as one of the parts and the rest qubits as the other part

n

E=Y5(p) = ~Trlp,logs ). (6)

=1
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Fig. 4. (a) A quantum computation where after the application of an H gate to the first qubit, the quantum gate configuration enclosed
in the dashed rectangle is applied nine times. (b) The simulation of this quantum computation. (c) Entanglement variation for this
quantum computation.

Using (6) the entanglement of a quantum register with n qubits, four of which are fully entangled is 4.
Egs. (1)—(6) are used for the calculation of entanglement in the quantum computer simulator presented in
the next section. It must be emphasized that Eq. (6) is not a measure of entanglement of the multipartite
state represented by the QR. It is the sum of bipartite entanglements between each qubit and the rest of
the QR.
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3. The quantum computer simulator

The block diagram of the quantum computer simulator is shown in Fig. 1. The inputs to the simulator
are the initial state of the qubits that form a QR and the gates applied at each computation step.

The user of the simulator is asked to enter the number of the qubits in the QR and the number of
computation steps. The initial state of the QR is entered as a one-dimensional matrix, the elements of which
are 0 and 1. The gate configuration is entered as a two-dimensional matrix. The element OG;; represents the
ith gate applied at the jth computation step. The elements of the matrix [0G] are 0, 1,2, 3,4, 5, 6 and 9. The
H, &, CN, CCN, F and C® gates are represented by 1, 2, 3, 4, 5 and 6, respectively. The digit O represents
the identity operator. OG;; = 0 means that no gate is applied at the ith qubit at the jth computation step.
“No gate is applied” is significant in quantum computation and is represented by the 2 x 2 identity matrix,
and contributes to the gate tensor product at this step. The digit 9 is used to denote a controlling qubit. For
example the part of [QG] representing the application of a two-input CN gate followed by a three-input
CCN gate is

39 | ™)
e 4 ..

In the case where the controlling qubits and the controlled qubit are not in sequence at some compu-
tation step, a virtual gate, the swap gate, is used to change the order of qubit lines for that particular step.

After the inputs are entered, the tensor product of the initial state of the QR is calculated. Then, the
simulator enters the loop. The tensor product of the gate matrices applied at the first step is calculated.
After that, the new state of the QR is calculated. Next, the measure of entanglement of the new QR state is
calculated using Eqs. (1)—(6). The new state of the QR is used as the initial state in the next iteration. The
tensor product of the gate matrices applied at the second iteration is calculated and after that the new QR
state, the entanglement measure, and so on until the number of iterations, set by the user, is reached.

After the end of the calculation the simulator apart from the matrices that represent the QR state at each
quantum computation step and the entanglement measure calculated for the QR states at all quantum
computation steps, produces two graphical outputs. The first comprises the probability of measuring each
one of the possible final QR states. This graphical output displays the evolution of the QR states during all
computation steps. The probability is represented as a gray-scale image in which probability 1 is repre-
sented by black and probability 0 by white. The second graphical output displays the entanglement measure
calculated at each quantum computation step.

The computational complexity of any algorithm simulating quantum systems with two base states is
O(2"), where n is the number of quantum systems with two base states. This simulator is no exception to
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Fig. 5. The quantum circuit that executes the quantum Fourier transform.
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that and suffers from exponential slowdown as the number of qubits increases. Fortunately, the matrices
representing qubits and quantum gates contain a large number of zeros and the computation complexity
can be improved using sparse matrix techniques. Special attention has been given not to include many
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Fig. 6.(a) A quantum computation where the second and third qubits are entangled and then the four-qubit QFT circuit is applied. (b)
The simulation of this quantum computation. (¢) Entanglement variation for this quantum computation.
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Fig. 7. (a) A quantum computation where the second and third qubits are entangled and then the six-qubit QFT circuit is applied. (b)
The simulation of this quantum computation. (c) Entanglement variation for this quantum computation.
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decision points (if statements) into the simulator. It can be seen from the simulator block diagram, that only
one decision point is used, allowing thus the simulation of quantum computations with several qubits.

4. Simulations of entanglement generation and variation

Simulations of entanglement generation and variation in several quantum computations will be pre-
sented in this section. The first quantum computation simulated is the production of GHZ states, which are
maximally entangled. Fig. 2(a) shows the quantum circuit for the production of a four-qubit GHZ state. In
this figure the quantum computation steps are numbered. The first step corresponds to the initial state of
the four-qubit QR. The circuit comprises an H gate followed by CN gates acting on neighboring qubits. At
the fifth computation step four H gates are applied, one at each computation step. Fig. 2(b) shows the
simulation of this quantum computation. On the y-axis the states are represented by the decimal numbers
corresponding to the binary numbers that label each state. The x-axis gives the number of the computation
step. The probability to measure a state at each computation step is shown as a gray-scale image in which 1
is represented by black and 0 by white. The initial state is represented by decimal 0 and is shown in black
since its probability at the first computation step is 1. Fig. 2(c) shows the entanglement variation for this
computation in ebits. The y-axis is the calculated entanglement measure at each computation step
according to Egs. (1)-(6) and the x-axis numbers the computation steps. As expected entanglement is
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Fig. 8. (a) An entangled chain of six qubits. (b) Entanglement variation.
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generated after the application of the first CN gate and increases by one ebit each time a CN gate is applied,
because one more qubit becomes entangled. Entanglement reaches its maximum value (4 ebits) after the
application of the third CN gate. At this computation step all four qubits are fully entangled. As expected,
the following application of H gates does not change the entanglement.

4.1. Repeated applications of the same quantum gate configurations

The second computation is represented by the quantum circuit of Fig. 3(a), where the same configuration of
quantum gates is applied three times. The repeated configuration starts with an H gate applied to the first qubit
followed by six CN gates and ends with an H gate applied again to the first qubit. Fig. 3(b) shows the simulation
of this quantum computation. The initial state is represented by decimal 0 and is shown in black. Fig. 3(c)
shows the entanglement variation for this computation. Entanglement is generated after the application of the
first CN gate, increases by one ebit each time a CN gate is applied and reaches its maximum value (4 ebits) after
the application of the third CN gate. The application of the fifth and sixth CN gates followed by an H gate
applied to the first qubit, fully disentangles the QR and the entanglement is now zero ebits. The application of
the same quantum gate configuration two more times results in the same entanglement variation.

A similar quantum computation is shown in Fig. 4(a) where, after the application of an H gate, which
sets in base-state superposition the first qubit, the quantum gate configuration enclosed in the dashed
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Fig. 9. (a) An entangled chain of six qubits followed by CN gates. (b) Entanglement variation.
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rectangle is applied nine times. The simulation of this computation is shown in Fig. 4(b) and the entan-
glement variation in Fig. 4(c). As shown in Fig. 4(c) entanglement is generated, the state of the QR becomes
fully entangled, then partially disentangled and then fully entangled again. The same variation is repeated
nine times. Quantum computations of Figs. 3 and 4 indicate that it may be possible to produce periodic
entanglement variation by applying repeatedly the same quantum gate configuration. This fact may lead to
useful quantum computations and even in new quantum algorithms.

4.2. Entanglement variation by the quantum Fourier transform

Next, the entanglement variation during the quantum Fourier transform (QFT) is studied using the
quantum computer simulator. The QFT is a key subroutine of quantum algorithms for factoring and
quantum simulations and is the heart of the hidden-subgroup problem, the solution of which is expected to
lead to the development of new quantum algorithms [15]. The QFT has been extensively studied [16] and
has also been implemented on a nuclear magnetic resonance (NMR) quantum computer [17].

The QFT is a unitary operation that acts on vectors in the Hilbert space. QFT acts on a base state of the
N-dimensional Hilbert space as follows [18]:
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Fig. 10. (a) An entangled chain of six qubits followed by CCN gates. (b) Entanglement variation.



L.G. Karafyllidis | Journal of Computational Physics 200 (2004) 383-397 395

where QFT,, is the symbol of the QFT on the N-dimensional Hilbert space, |a) and |c) are base states in
decimal representation and (ac) is the ordinary multiplication of the two decimal numbers a and ¢. Any
state vector in the N-dimensional Hilbert space can be expressed as a superposition of base states and QFT
transforms it according to

N-1 N=1 N-1 N1
1 1
QFTy : > x,a)— — X, €|e) = —= Y yle), )
where . is the classical discrete Fourier transform (DFT) of x,
DFTy : yo— » | ™, (10)
a=0

QFT is a unitary operator which is used to force interference between qubits and can be represented by
basic unitary operators, i.e., quantum gates. The QFT is constructed using only H and CP gates.

[0>—
[0>—
| —
E
[0>—
[0>—
@) 10—
8 T T T T T T T T T
7F ]
E L
o
£ &¢ .
3,
hS
E :
2
o
&
| ]
2F ]
1F ]
D 1 1 1 ] 1 1 1 1 1
1 3 5 7 9 1" 13 15 17
(b) Computation Steps

Fig. 11. (a) An entangled chain of six qubits followed by F gates. (b) Entanglement variation.
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To construct the quantum circuit that performs QFT on an n-qubit QR a certain sequence of H and CP
gates is applied. The index j counts the number of sequences and varies from n — 1 down to 0. For the first
sequence j is set equal to n — 1 and the gate H is applied to the most significant bit, which is the n — 1

In the second sequence j is reduced by one and the following gates are applied from the left to the right:
(CPj,an[_]j% ] =n-2. (12)

For the jth sequence the following gates are applied from the left to the right

(CP;jj1CPyjia ... CPju 1 Hj). (13)
The gates that are applied in all sequences are given by

(Hy-1)(CPy2p1Hy—2)(CPy_3,2CPyy 3,1 H,—3) - - - (CPy 1 CPy2CPy 5 . .. Hy), (14)

where, each parenthesis corresponds to one sequence and the sequences are applied and counted from the
left to the right. The quantum circuit that executes the QFT is shown in Fig. 5.

QFT does not generate entanglement when applied to disentangled states. Here, the application of the
QFT to entangled states will be studied. Fig. 6(a) shows a quantum computation where the second and
third qubits are entangled by an H gate followed by a CN gate. After these two gates the four-qubit QFT
circuit is applied. Fig. 6(b) shows the simulation of this computation. The entanglement variation is shown
in Fig. 6(c). The H and CN gates generate entanglement equal to 2 ebits. The QFT increases the entan-
glement to about 3 ebits and then its value drops to 2.5 ebits and remains constant until the end of the
computation.

Fig. 7(a) shows a quantum computation where the second and third qubits are entangled by an H gate
followed by a CN gate. After these two gates the six-qubit QFT circuit is applied. Fig. 7(b) shows the
simulation of this computation and the entanglement variation is shown in Fig. 7(c). The H and CN gates
generate entanglement equal to 2 ebits. The QFT increases the entanglement to about 2.3 ebits and then its
value drops to 1.5 ebits and remains constant until the end of the computation.

The simulation revealed that QFT changes the entanglement when applied to entangled states. After the
application of the QFT the entanglement increases, then drops and remains constant until the end of the
computation. In the case of computation of Fig. 6 the final entanglement is larger that the initial, whereas,
in the case of Fig. 7 the final entanglement is smaller that the initial. This indicates that entanglement
change by QFT is a subject worthy of further research.

4.3. Entangled chains

An entangled chain is formed when each qubit in the QR is entangled with its neighboring qubits.
Entangled chains are important in modeling physical phenomena using quantum computers. Fig. 8(a)
shows an entangled chain of six qubits and Fig. 8(b) the entanglement generation and variation caused by
this chain.

In Fig. 9(a) the circuit of Fig. 8(a) is shown as a block with label “E”. This figure shows an entangled
chain followed by a configuration of CN gates. As shown in Fig. 9(b), the CN gates reduce the entan-
glement from 6 to 5 ebits at the fifteenth step. Fig. 10(a) shows an entangled chain followed by a config-
uration of CCN gates. As shown in Fig. 10(b) the entanglement varies slightly until the end of the
computation. Fig. 11(a) shows an entangled chain followed by a configuration of F gates. Fig. 11(b) show
that the application of F gates does not change the entanglement. The simulator presented here may prove
to be a useful tool in studying entangled chains.
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5. Conclusions

Entanglement generation and variation in several quantum computations was studied using a quantum
computer simulator. The simulator was described and its block diagram was presented. The use of this
simulator allowed the study of entanglement manipulation in quantum computations that comprise four
and six qubits and a variety of quantum gates. Entanglement generation and variation in cases of repeated
applications of quantum gate configurations and entangled chains followed by CN, CCN and F gates were
simulated. The entanglement change caused by the QFT when applied to entangled states was also sim-
ulated. The simulator presented in this paper may become a useful tool for the study of entanglement
generation and variation in quantum computations.
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